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Abstract
We present a singularity free class of inhomogeneous cylindrical universes filled
with stiff perfect fluid (ρ = p). Its matter free (ρ = 0) limit yield two distinct
vacuum spacetimes which can be considered as analogues of Kasner solution for
inhomogeneous singularity free spacetime.
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The standard Friedmann-Roberstson-Walker model has been quite successful in
describing the present state of the Universe. It prescribes homogeneous and isotropic
distribution for matter. It is though realised that homogeneous and isotropic
character of spacetime cannot be sustained at all scales, particularly for very early
times. Furthermore, not to have to assume very special initial conditions as well
as for formation of large scale structure in the Universe it is imperative to consider
inhomogeneity and anisotropy.
The first step in this direction came in the form of the study of anisotropic Bianchi
models. Then inhomogeneity was also brought in and some inhomogeneous models
were considered [1-5]. One of the main characteristics of the Einsteinian cosmology
is the prediction of a big-bang singularity in the finite past. All these models
(FRW, Bianchi, as well as inhomogeneous) suffer from the singulairty at t = 0. This
experience was strongly aided by the general result that under physically reasonable
conditions of positivity of energy, causality and regularity etc., the initial singularity
is inescapable in cosmology so long as we adhere to Einstein’s equations (singularity
theorems [6]). This gave rise to the folk-lore that the big-bang singularity is the
essential property of cosmology and it can only be avoided by invoking quantum
effects and /or modifying Einstein’s theory.
On this background it was really very refreshing when Senovilla [7] obtained a new
class of exact solutions of Einstein’s equations without the big-bang singularity. It
represented a cylindrically symmetric universe filled with perfect fluid (ρ = 3p). It
was smooth and regular everywhere, satisfied the energy and causality conditions,
and all the physical as well as geometrical invariants were finite for whole of
spacetime. This marked the advent of singularity free cosmology. It is important to
recognise that the occurrence of singularity is not the general feature of Einstein’s
equations and for its avoidance it is not always necessary to resort to quantum
effects. That is the classical Einstein’s theory does admit cosmological models
without the singularity.
One may however wonder how do the sigularity free solutions bypass the singularity
theorems ? It was subsequently shown [8] that they did not obey the assumption
of existence of “trapped surfaces” which was never so physically obvious as other
assumptions and had always been a bit of suspect. All causal curves were shown to
be complete demonstrating the absence of singularity.
It turns out that inhomogeneous models admit many different kinds of singularities
(not always the spacelike universal big-bang kind) or none depending upon the
particular choice of parameters and metric functions [9]. There exists a general
class of singularity free solutions. We have recently generalised the Senovilla model
[7] to consider viscous fluid [10] and perfect fluid with radial heat flow [11]. It
was interesting to see that the singularity free character of the model remained
undisturbed.
The matter free (ρ = p = 0) limit of cosmological models is always of interest. It
represents a kind of base spacetime that provides a simple framework for analysis
of the basic structure of the model. The de Sitter spacetime can be taken as a base
(which is truely not empty though Rik = ∧gik) for the FRW cosmology while the
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Kasner is for homogeneous (Bianchi type I) cosmology. Kasner is perfectly empty
space (Rik = 0) homogeneous cosmological solution. It was very effectively used for
the general analysis of the initial big-bang singularity [12].
The question we wish to address in this Letter is : Does there exist a singularity
free empty space soltuion and does it arise as the matter free limit of a singularity
free cosmological model ? In what follows we report a new s ingularity free
inhomogeneous cosmological model describing a perfect fluid with the stiff matter
equation of state, ρ = p. Its matter free limit (ρ = p = 0) gives two distinct empty
space solutions.
We take the spacetime to admit two commuting spacelike Killing vectors, which are
mutually as well as hypersurface orthogonal (orthogonally transitive G2 cosmologies
[13-15]). The solution is given by
ds2 = C2(1−b)(2mt)
[
C4b(2b−1)(mr)(dt2 − dr2)− S2(mr)C2(1−2b)(mr)dφ2
]
−C2b(2mt)C4b(mr)dz2 (1)
and
ρ = p =
m2
2pi
(b2 − 1)C−2(2−b)(2mt) C−4b(2b−1)(mr) (2)
θ = 2m(2− b)S(2mt)C−2+b(2mt)C−2b(2b−1)(mr) (3)
σ2 =
8
3
m2(1− 2b)2S2(2mt)C−2(2−b)(2mt)C−4b(2b−1)(mt) (4)
fr = −2mb(2b− 1)S(2mt)C
−1(2mt). (5)
Here m and b are free parameters; θ, σ and fr are respectively expansion, shear and
radial acceleration; and C(x) = coshx and S(x) = sinhx.
Clearly the solution is everywhere smooth, regular and finite, and so are the other
parameters listed above for all values of t and r. We have checked that all the
Riemann and Weyl curvatures are finite and regular for whole spacetime. The
solution is new and not covered in the class discussed in Ref.9. The energy condition
is obviously satisfied for b taking values outside the range −1 < b < 1.
For ρ > 0 and decreasing with t requires 2 > b > 1 or b < −1. For b = 2, ρ = ρ(r)
and θ = 0, that means model becomes stationary with ρ decreasing with r. The
r-dependence of the parameters has in general monotonically decreasing character
for all admissible values of b. Let us consider the two cases (i)2 > b > 1 and b < −1
for t−dependence separately.
Case (i): 2 > b > 1. ρ is maximum at t = 0 and decreases to zero as t→ ±∞ while
θ(t = 0) = 0, θ(t→ ±∞)→ ±∞. This is quite an acceptable behaviour.
Case (ii): b < −1. ρ has the same behaviour as above while θ(t = 0) = 0, θ(t →
±∞)→ ±0 , indicating non-monotonic expansion. It attains the extremum values
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for S(2mt) = ±(1 + |b|)−1/2,+ sign for 0 ≤ t ≤ ∞ and the other for −∞ ≤ t ≤ 0.
One would like θ to be monotonically increasing with t, which can be provided by
the interval between the two extrema. This however restricts the range of t which
is not very nice .
Overall the former case may be preferable as it has all through acceptable behaviour.
The parameter m can be chosen as large as we please to make ρ arbitrarily large.
Thus the solution may be appropriate for very early times as it can provide highly
dense state of matter, very rapid expansion and above all no singularity to worry
about.
Let us now come to the matter free limit . From (2) it requires b2 = 1 leading to
two distinct empty space solutions for b = ±1. Thus we obtain the singularity free
empty space cosmological solutions as follows :
For b = 1
ds2 = C4(mr)(dt2 − dr2 − C2(2mt)dz2)− S2(mr)C−2(mr)dφ2 (6)
and for b = −1
ds2 = C4(2mt)C6(mr)
[
C6(mr)(dt2 − dr2)− S2(mr)dφ2
]
−C−4(mr)C−2(2mt)dz2.
(7)
They have finite and regular Weyl curvatures everywhere and in particular,
Wijke(b = 1, t = r = 0) = −Wijke(b = −1, t = r = 0). They mark the boundries
of the forbidden range of the parameter b (−1 < b < 1) for the above model (1).
The solution (6) is the matter free limit of the case (i) while (7) is for the case (ii)
above. They are analogues of Kasner solution for singularity free inhomogeneous
spacetime .
If we write the metric coefficients in the solutions (6) and (7) as C2pi(2mt)C2qi(mr)
for i = 1, .., 4, then pi and qi satisfy the Kasnerian type relation,
p1 + p2 + p3 − p4 = 1 = (p1 + p2 + p3 − p4)
2
and
q1 + q2 + q3 − q4 = 1 = (q1 + q2 + q3 − q4)
2.
This is quite interesting and perhaps lends strength to the analogy. In the Kasner
case p4 = 0 and there are no qi as the solution is homogeneous. We wonder whether
the above relation is a general property of inhomogeneous empty space cosmological
solutions.
We have thus presented a physicallyy acceptable singularity free inhomogeneous
perfect fluid cosmological model with stiff matter equation of state and two distinct
vacuum solutions as its matter free limit. Their application to the very early
universe cosmology will be taken up in a future paper. The equation of state ρ = p
is quite appropriate for consideration of a scalar field which has been very popular
with the early Universe cosmologists.
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Finally we would like to say a word about the occurrence of “trapped surfaces”.
It may however seem quite plausible for gravitational collapse but it is not at
all obvious in the cosmological context. For we have solutions that satisfy all
other physically pertinent conditions and present quite acceptable cosmological
models. They seem to always occur in spherically symmetric spacetimes while in
cylindrical symmetry their occurrence is indefinite. It appears that inhomogeneity
and cylindrical symmetry seem to be necessary but not sufficient for non-existence
of trapped surfaces.
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